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We study Markov equilibria in the standard time-inconsistent hyperbolic discounting
model set in discrete-time. We provide simple conditions under which all Markov
equilibria feature saving or dissaving globally, for all wealth levels. Moreover, we
show that whether the agent saves or dissaves depends on comparing the interest
rate to a threshold made up of impatience parameters only. Our results provide a
prediction for behavior that is robust across Markov equilibria and illustrate a well-
behaved side of the model. As a corollary, we overturn indeterminacy concerns in
Krusell and Smith (2003), showing that the constructions offered there are not Markov
equilibria in the standard hyperbolic model. Indeed, our results can be interpreted
as establishing that, whether or not the equilibrium is unique, qualitative savings
behavior is uniquely determined. Similar results are likely to obtain in other dynamic
games, such as in political economy models of public debt.

1 Introduction

We revisit consumption-saving decisions in the standard quasi-hyperbolic discounting
model, as in Phelps and Pollak (1968) and Laibson (1997).1 The horizon is infinite, time is
discrete and there is no uncertainty. Preferences in each period are specified over future
consumption paths in a manner that is not time consistent (Strotz, 1956). In particular,
the entire future is heavily discounted against the present, while impatience is relatively
modest between neighboring future periods, inducing a present bias. Due to the time
inconsistency of preferences, behavior is approached as a dynamic game across differ-
ent “selves”. Formally, a sequence of decision makers, one for each date, play against
each other, deciding how much to consume and save given their current wealth, the state

1As is well known, political economy models of alternating governments without commitment can for-
mally resemble the quasi-hyperbolic consumption-saving model that we study here, see e.g. Alesina and
Tabellini (1990), Amador (2002), Azzimonti (2011). Another very related class of models are the intergener-
ational growth models, see e.g. Bernheim and Ray (1987).
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variable. We focus on Markov equilibria of this dynamic savings game, a common re-
finement in the literature, and adopt iso-elastic utility functions, a common simplifying
assumption in the literature. Our goal here is to provide robust predictions regarding
savings behavior across all Markov equilibria.

Early contributions by Phelps and Pollak (1968) and Laibson (1996) focused on linear
Markov equilibria, with constant saving rates, providing definite predictions for savings
as a function of the interest rate and impatience parameters. However, there are two
well-understood shortcomings with this approach. First, in the presence of borrowing
limits, as in most recent contributions, linear equilibria may not exist. Indeed, studying
Markov equilibria away from the linear case has been shown to be quite demanding,
due to the emergence of discontinuous equilibria (Harris and Laibson, 2002; Chatterjee
and Eyigungor, 2015) and other complications.2 Second, even when linear equilibria are
feasible, other, nonlinear, Markov equilibria may also exist. Due to these challenges, little
is known in the form of predictions for saving behavior that are actually robust across all
Markov equilibria.

While clearly desirable, should we expect robust predictions of this kind to be obtain-
able? In an influential contribution, Krusell and Smith (2003) provide a negative answer:
they present a construction featuring discontinuities in policy functions and use it to ar-
gue that the standard quasi-hyperbolic model may be ill behaved in the sense of display-
ing a continuum of Markov equilibria, each of which has a stable interior steady state,
i.e. with savings above the steady state and dissavings below the steady state; impor-
tantly, the steady state can be placed anywhere.3 Disturbingly, this sort of indeterminacy
implies that the model is incapable of offering robust qualitative predictions for savings
behavior: for given parameters, at any given wealth level, the agent could be saving (for
one set of equilibria) or dissaving (for another set of equilibria). The subsequent litera-
ture has echoed concern over these pathological-looking findings and invoked them in
motivating new models, such as the continuous-time “instant gratification” model with
return uncertainty introduced by Harris and Laibson (2013) or models based on alterna-
tive behavioral notions, such as the costly-temptation model due to Gul and Pesendorfer
(2004) or the dual-self model proposed by Fudenberg and Levine (2006), where robust
predictions regarding savings are obtainable.

Despite the apparent intractability of the standard quasi-hyperbolic model we show
that it does actually provide predictions for savings behavior that are robust across all

2See also Morris and Postlewaite (1997) and Morris (2002) for related results in finite-horizon settings.
3Krusell and Smith (2003) allow the saving technology to be weakly concave. The linear case is the

standard one studied in the quasi-hyperbolic literature, since it represents the problem of a consumer facing
a given market interest rate. Consequently, in this paper we refer and focus only on this linear case.
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Markov equilibria. In this sense, we uncover a well-behaved side of the standard hy-
perbolic model. As a corollary, we establish that the constructions in Krusell and Smith
(2003) are not Markov equilibria.

Our main result extends a well-known and fundamental result in the time-consistent
intertemporal-choice framework. Under geometric discounting an extremely simple nec-
essary and sufficient condition determines whether the agent saves or dissaves globally.
This condition compares the interest rate to the subjective discount factor: dissaving oc-
curs if and only if R < 1

δ , savings if and only if R > 1
δ (here R is the gross interest and

δ the discount factor). This fundamental result is engrained across a wide spectrum of
economic analyses of intertemporal choice.

Unfortunately, no comparable result is available for the standard quasi-hyperbolic
model. Our main results fill this gap. As long as utility is not too close to being linear, we
show that all Markov equilibria feature either saving for all wealth levels or dissaving for
all wealth levels; thus, for given parameters, the model either predicts that wealth rises
over time or the model predicts that wealth falls over time. Indeed, we show that a simple
inequality determines whether the equilibrium has the agent saving or dissaving. In par-
ticular, just as in the geometric-discounting framework, there exists a threshold interest
rate R∗, that is a function of impatience parameters only, such that across all Markov equi-
libria agents save if R > R∗ and dissave if R < R∗. By implication, all Markov equilibria
have the same qualitative saving behavior as the linear equilibrium.

In this way, we provide a determinacy result for qualitative saving behavior. Such a
result is valuable since, after all, saving behavior is the object of economic interest. It is
comforting that the model provides a straightforward and robust prediction for behav-
ior and it is noteworthy that this prediction can be obtained directly, without the need
to overcome the technical challenges mentioned earlier, without the need to construct
equilibria explicitly and, indeed, without the need to rule out the existence of multiple
equilibria.

Robust predictions are possible due to two fundamental mechanisms or principles at
work, which our analysis uncovers. The first principle is that saving or dissaving are
“contagious”. To see what we mean, for concreteness, suppose the interest rate is high
enough to make savings sufficiently attractive (the exact condition is that the interest
rate lies above the aforementioned threshold). Suppose one postulates an equilibrium
where the agent saves over some interval of wealth and dissaves just below it. Then
one can show that an agent with wealth immediately below such an interval (who is
postulated by the equilibrium to dissave) actually has an incentive to save, so as to reach
the attractive interval where she expects her successors to save. As a result, the proposed
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equilibrium unravels, from top to bottom. The second principle shows that saving must
occur at the top, for high wealth levels. Suppose one postulates an equilibrium with
strict dissaving in the upper tail of wealth. Rich agents then face the prospect of a very
extended process of declining wealth. This is undesirable given the high interest rate. As
a result, sufficiently rich agents would prefer to deviate and maintain wealth constant for
one period, postponing in this way the declining path for wealth. Thus, the equilibrium
unravels. Putting both principles together one concludes that the agent must save at all
wealth levels. The case with low interest rates is similar.

Our proof approach may be of intrinsic interest and useful in other contexts. We de-
velop a condition that must be satisfied by the equilibrium outcome path for wealth. The
advantage of working with the wealth sequence, rather than the savings policy function,
is that it allows us to rule out equilibrium properties without full knowledge of the latter.
We avoid having to take a constructive route or having to impose technical assumptions
on the policy function, which may not be warranted.

Our results shed light on the construction in Krusell and Smith (2003) and its proper
interpretation. As discussed, this paper puts forth the idea that the standard quasi-
hyperbolic model has a continuum of Markov equilibria, each with a distinct interior and
stable steady state. Formally, their theorem constructs saving functions with the property
that wealth converges to a steady-state wealth level; in the construction, the steady state
can be placed anywhere. However, their constructions are only local in nature, in two
ways: (i) they are defined for a neighborhood of the proposed steady state and (ii) they
verify that saving decisions are optimal only against other saving levels within this neigh-
borhood. Although the local nature of the construction is explicitly stated in the formal
theorem, the result acquires a stronger interpretation elsewhere in the paper, as well as
in the subsequent literature. Indeed, they state that “Our main result is indeterminacy of
Markov equilibrium savings rules: there is a continuum of such rules. These rules differ
both in their stationary points and in their implied dynamics. [...] We construct these
equilibria explicitly” (Krusell and Smith, 2003, Introduction).

This conclusion has been influential, contributing to the view that the standard quasi-
hyperbolic model is extremely ill behaved. However, as we have suggested, the local
constructs in Krusell and Smith (2003) does not necessarily represent equilibria. Indeed,
Markov equilibria must be defined over the entire state space, not over a subinterval. The
crucial issue is point (ii) from the previous paragraph: the local constructs do not rule
out saving deviations that put next period wealth outside the subinterval; thus, they only
verify a subset of required equilibrium conditions.

One may hope that the local constructs are only incompletely specified and that a
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global extension is available, rendering the local constructs meaningful.4 After all, the
steady state is stable, so that dynamics starting in the neighborhood of the steady state
remain within the neighborhood; for such initial conditions, point (i) above is not a con-
cern. Indeed, for this reason, local analyses are often useful for dynamic competitive
equilibrium models (e.g. growth or macroeconomic models). Unfortunately, none of this
is valid in the context of a dynamic game. A Markov equilibrium requires specifying the
players’ actions over the entire state space even if equilibrium paths lie within a subset, so
as to rule out off-equilibrium paths triggered by players’ deviations. In the context of our
consumption-savings game, savings decisions must be spelled out for all wealth levels,
with no bound.

Given these observations, it is actually an open question whether the local constructs
in Krusell and Smith (2003) can be extended over the entire state space to form part of
Markov equilibria. As a corollary to our results we provide a negative answer: none of
these local constructs form part of a Markov equilibrium. This follows directly from our
results because we rule out equilibria where savings and dissavings coexisting at different
wealth levels. Indeed, under the parameters assumed by Krusell and Smith (2003) we
show that all Markov equilibria feature strictly positive savings everywhere.

Our arguments only rule out indeterminacy based on the constructs in Krusell and
Smith (2003). We do not prove Markov equilibria are unique, nor do we prove that there
is no indeterminacy. However, as Krusell and Smith (2003) note, the literature has not
produced any other claim of indeterminacy. More importantly, although we do not rule
out multiplicity, our results provide robust predictions regarding savings behavior across
all Markov equilibria, essentially obviating the main concern with multiplicity, which
is the possibility that it prevents making meaningful predictions for behavior. As we
show, even if there are many equilibria, they all lead to the same qualitative behavior
for savings, so that, while equilibria may or may not be unique, qualitative behavioral
predictions are.

An important precursor to the discrete-time results we present here is the continuous-
time analysis contained in Cao and Werning (2016). Although the focus of that paper was
quite different, concerned with setting up and studying a more general model, we also
offered a complete characterization for the hyperbolic case in a continuous time context.

4Our own reading and understanding of the results and proper interpretation of Krusell and Smith
(2003) has indeed evolved, and the paragraph above should be read as partially describing this evolution
in our own thinking. In fact, we did not (just as the rest of the literature) initially note the potential tension
between the local constructions and the global interpretation. This was likely because local constructions
are often sufficient in other settings. It was not until we obtained results that directly contradicted the
existence of Markov equilibria with these features that we looked back and understood these subtleties.
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Among other things, we also showed that Markov equilibria involve global global sav-
ing or global dissavings and that, under the conditions imposed by Krusell and Smith
(2003) there is a unique Markov equilibrium with positive savings. The advantage of
the continuous-time setting is that a constructive analysis is tractable and provides sharp
results. In contrast, in discrete time our line of attack is not constructive and is neces-
sarily more involved. Nevertheless, the results we obtain here are important given that
the discrete-time setup remains an important benchmark in the literature. It is also com-
forting to verify that predictions regarding saving or dissaving are robust to whether the
model is set in continuous or discrete time.

2 A Savings Problem Under Hyperbolic Discounting

Preferences in period t are given by

u(ct) + βδ
(

u(ct+1) + δu(ct+2) + δ2u(ct+3) + · · ·
)

,

for u increasing, concave and continuously differentiable, with δ < 1 and β ≤ 1. When
β = 1 discounting is geometric and preferences are time consistent. When β < 1 prefer-
ences display a bias towards the present and are time inconsistent.

For much of the analysis we adopt an iso-elastic utility function

u(c) =
c1−σ

1− σ
,

with σ 6= 1 and σ > 0. When σ = 1 we set u(c) = log(c).
The budget constraint is

ct + kt+1 = Rkt,

for R > 1. The agent is also subject to an wealth limit

kt ≥ k,

for some k ≥ 0. Although we have not included labor income, one can show that this
omission is without loss of generality.5 Indeed, a strictly positive wealth limit k > 0
can represent nontrivial borrowing constraints against labor income (or, simply, illiquid

5To see this, suppose a constant income y > 0, so that the budget constraint becomes

ct + kt+1 = y + Rkt.

And consider a constraint kt+1 ≥ k ≥ 1
R−1 y; the latter inequality is required to ensure that ct ≥ 0 is feasible.
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wealth). Whereas k = 0 represents the so-called ’natural borrowing’ limit, which offers
maximal liquidity.

Finally, we impose the standard growth condition

δR1−σ < 1.

This guarantees that the optimum when β = 1 is well defined. Note that whenever R > 1
δ

the growth condition is equivalent to a lower bound σ ≥ σ for some σ > 0.

Markov Equilibria. A Markov equilibrium is a pair of functions g : [k, ∞)→ [k, ∞) and
V : [k, ∞)→ R satisfying

V(k) = u(Rk− g(k)) + δV(g(k)) ∀k ≥ k, (1)

u(Rk− g(k)) + βδV(g(k)) ≥ u(Rk− k′) + βδV(k′) ∀k, k′ ≥ k, (2)

and the limiting condition δtV(gt(k)) → 0 where g0 = 1 and gt+1 = g(gt). Condition (2)
ensures that the savings function g maximizes the utility of the current self with respect to
savings k′, taking as given how future consumption is affected by the chosen k′, as sum-
marized in the continuation value V(k′). Condition (1), together with the limit condition,
ensures that this value equals the discounted utility from consumption implied by the
savings function, V(k) = ∑∞

t=0 δtu(Rgt(k)− gt+1(k)).6

Linear Equilibria. Define

R∗ = 1 +
1− δ

βδ
≥ 1

δ
,

where the inequality holds for β ∈ (0, 1] and is strict if and only if β ∈ (0, 1). As shown
by Phelps and Pollak (1968), whenever R > R∗ a simple linear equilibrium with positive
savings exists: g(k) = αk and α > 1. However, it is not known whether this Markov
equilibrium is unique or whether all Markov equilibria display positive savings. When
R < R∗ and k = 0 a linear Markov equilibrium exists with dissavings: g(k) = αk and
α < 1, but it is not known whether other equilibria exist. Moreover, this linear savings
function is not an equilibrium for k > 0. Progress has continued on the existence front to

Now define k̂t ≡ kt +
1

R−1 y. Then we obtain

ct + k̂t+1 = Rk̂t,

and k̂t ≥ k̂ ≡ k + 1
R−1 y ≥ 0. In words, the present value of labor income can be lumped into wealth. The

positive wealth limit then captures borrowing constraints against future income.
6Our arguments only employ (2) and (1) and never require invoking the limit condition δtV(gt(k))→ 0.
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cover these cases. For example, for the standard quasi-hyperbolic model Bernheim et al.
(2015, Proposition 6) prove existence of Markov equilibria when the interest rate is strictly
greater than the discount factor R > 1

δ .7

Indeterminacy? Krusell and Smith (2003) argue that for moderately high interest rates
R ∈ (R∗, 1

βδ ) Markov equilibria are indeterminate, with equilibria featuring dissavings
at high wealth levels, instead of savings as in the linear equilibrium. In more detail,
their constructive result is as follows: pick any wealth k∗ ≥ k, then they construct (g, V)

(defined in the neighborhood of k∗) satisfying the two conditions presented above for a
Markov equilibrium (with the maximization over k′ in (2) also limited to this neighbor-
hood). The savings function so constructed satisfies g(k∗) = k∗, g(k) < k for k > k∗,
and g(k) > k for k < k∗. Thus, starting from any k0 ≥ k (in the neighborhood of k∗) the
sequence {kn} defined by kn+1 = g(kn) = gn+1(k0) converges monotonically to k∗.

However, as we have noted in parenthesis above, these constructions are only local
around a neighborhood of the proposed steady state k∗. There are, then, two possibilities.
In the first, the constructions may characterize actual equilibria if there exists an extension
of the savings function over the entire range of wealth k ≥ k. This appears to be the
interpretation adopted by Krusell and Smith (2003) and the related literature. The second
possibility, however, is that the local constructs do not survive any attempt at a global
extension. In this case the local constructs do not characterize an equilibrium and loose
any obvious economic interpretation. As a corollary to our results we will demonstrate
that this second possibility is actually the relevant case. Indeed, we show that there is
no equilibrium with the properties of the local constructs provided by Krusell and Smith
(2003).

3 Useful Preliminary Results

In this section we introduce a few preliminary results that are instrumental in deriving
our main results. Readers only interested the main conclusions may skip to the next
section.

We first echo a well-known property, that saving rises with wealth.

7We conjecture that these arguments extend to apply to the case with R = 1
δ and that, with further

modifications, they may also extend to cover R < 1
δ . There are also existence results for extensions of

the basic model. Harris and Laibson (2001) prove existence and obtain smoothness properties by adding
i.i.d. uncertainty in income. Chatterjee and Eyigungor (2015) prove existence in a model without intrinsic
uncertainty but allowing for lotteries.
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Lemma 1. In any Markov equilibrium (g, V), the savings function g is nondecreasing.

Monotonicity follows directly from the fact that, due to the concavity of u, the objective
u(Rk− k′) + βδV(k′) is supermodular in (k, k′) for any value function V. Economically,
this reflects the assumption that future utility is a normal good.

3.1 Contagion of Saving and Dissaving Behavior

Next we present a few simple results that together formalize our notion that saving or
dissaving behavior is “contagious” and cannot coexist side by side in certain patterns.
Define the value of holding wealth constant forever as

V̄(k) ≡ u ((R− 1) k)
1− δ

. (3)

Saving Behavior and Welfare. The next two lemmas relate current saving behavior to
the ranking of V(k) versus V̄(k).

Lemma 2. For any Markov equilibrium (g, V):
(a) if R ≥ 1

δ then at any k where g(k) < k we must have V(k) < V̄(k);
(b) if R ≤ 1

δ , then at any k where g(k) > k we must have V(k) < V̄(k).

In essence, this result formalizes that dissaving is undesirable (from the exponential
discounting point of view) if the interest rate is above 1

δ , while saving is undesirable if
the interest rate is below 1

δ . In more detail the argument is as follows. As is well known,
when R > 1

δ the optimum for an exponential discounter has positive savings. Moreover,
we show that holding wealth constant is better than any path with dissaving. Finally, by
monotonicity of the savings function, if at some initial wealth level k0 we have g(k0) <

k0 then dissaves ensues thereafter: kn+1 = g(kn) ≤ kn for all n = 0, 1, . . . Case (b) is
similar. Notably, Lemma 2 does not involve β in any way, since it follows directly from
the definition of V and the monotonicity of g.8 In this sense, the logic is purely mechanical
and does not invoke optimality on the part of the current self.

Our next result does invoke optimality for the current self, showing that to entice
positive savings the equilibrium must offer a greater value V(k) than V̄(k).

Lemma 3. For any Markov equilibrium (g, V), at any k where g(k) ≥ k we must have V(k) ≥
V̄(k); at any k where g(k) > k we must have V(k) > V̄(k).

8Indeed, it does not invoke optimizing behavior in any way other than employing the monotonicity
of the savings function g (which is an implication of optimizing behavior). Indeed, the conclusion in (a)
obtains if we directly hypothesize a decreasing sequence {kn}; likewise the conclusion in (b) obtains if we
directly hypothesize a decreasing sequence {kn}.
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The logic for this result goes as follows. If the current self prefers to save rather than
hold wealth constant for a single period, then the previous self (who evaluates exponen-
tially discounted utility according to V) agrees with this (binary) choice, i.e. this current
self chooses higher continuation utility as a tradeoff for lower consumption, but given
β < 1 is harsher at evaluating such a tradeoff. Thus, exponentially discounted utility
must be higher with k′ = g(k) than with k′ = k. Since holding wealth constant for one
period was undesirable, doing so permanently is even worse, implying V(k) > V̄(k). It
is notable that Lemma 3 does not compare the value of R to δ, nor does it depend on the
monotonicity of g, contrary to Lemma 2.9

Best Responding to Constant Wealth. Next, we study the best response of the current
self to a hypothetical situation where future selves are expected to hold wealth constant
forever. The current self then considers the objective

ϕ(k, k′) ≡ u(Rk− k′) + βδV̄(k′). (4)

The first-order condition with respect to k′ is

∂

∂k′
ϕ(k, k′) = −u′(Rk− k′) + βδ

u((R− 1)k′)
1− δ

(R− 1) = 0.

Rearranging, one sees that the best response has k′ > k if and only if

R > R∗.

Also, since ϕ(k, ·) is concave, any dissavings choice k′ < k is dominated by not saving
k′ = k, while some small amount of positive saving k′ > k dominates k′ = k. The reverse
is true when R < R∗. We summarize these observations in the next lemma.

Lemma 4. Let ϕ be given by (4). For any fixed k, the function ϕ(k, ·) is strictly concave and
(a) if R > R∗, the interior maximum is attained at some k∗ > k and ϕ(k, ·) is strictly increasing
for all k′ ≤ k∗;
(b) if R < R∗, the interior maximum is attained by some k∗ < k and ϕ(k, ·) is strictly decreasing
for all k′ ≥ k∗.

9Indeed, unlike Lemma 2, Lemma 3 relies heavily on the optimality of the present behavior, but not at
all on the optimality, or consistency, of future behavior. The proof only employs the fact that the current
self prefers to save positively, for any postulated behavior that is expected of future selves, as a function of
the current saving choice.
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Contagion Principle. Combining Lemma 2–4 leads to what we call a contagion princi-
ple. This idea underlies various steps in the formal proofs of our main results. Here we
offer a simple sketch of the main idea.

Suppose first that R > R∗. We will now rule out that the saving function switches from
strictly dissaving to weakly saving, as wealth rises. Towards a contradiction, suppose it
does and denote the point of switch by k̆. Since there is strict dissavings to the left of k̆,
Lemma 2 part (a) implies that agents obtain continuation utility V(g(k)) < V̄(g(k)) for
any k immediately below k̆. If instead k′ is at or immediately above k̆ so that g(k′) ≥
k′ Lemma 3 ensures that V(k′) ≥ V̄(k′). Lemma 4 guarantees that such a deviation is
desirable, a contradiction.

Next suppose R < R∗. Consider first R ≤ 1
δ . Then if g(k) > k anywhere Lemma 2

part (b) and Lemma 3 clash, so we conclude that g(k) ≤ k everywhere. Consider then
R ∈ (1

δ , R∗). We will now rule out that the saving function switches from strictly savings
to weakly dissaving as wealth rises. Towards a contradiction, suppose that it does and
denote the point of switch by k̆. Due to the monotonicity of g, downward jumps are
impossible, so k̆ must be a steady state, g(k̆) = k̆. However, strict savings to the left of k̆
implies, by Lemma 3 that agents can secure continuation utility V(k′) > V̄(k′) by setting
k′ immediately below k̆. Lemma 4 guarantees that such a deviation is desirable, so that
g(k̆) = k̆ is not optimal, a contradiction.

3.2 Necessary Conditions for Equilibrium Outcome Paths

Next, we present results that are instrumental in establishing dissaving or saving behav-
ior at high wealth levels. Suppose we have a Markov equilibrium (g, V). Given any initial
wealth k0 ≥ k consider the path for wealth {kn}∞

n=0 generated by kn+1 = g(kn) with asso-
ciated utility path {Vn}. The following lemma provides a simple necessary condition for
such paths.

Lemma 5. Suppose the sequence {kn}∞
n=0 is generated by a Markov equilibrium (g, V) and denote

the associated utility path by Vn = V(kn) = ∑∞
m=0 δmu(Rkn+m − kn+m+1). Then

Vn = u(Rkn − kn+1) + δVn+1,

u(Rkn − kn+1) + βδVn+1 ≥ u((R− 1)kn) + βδVn,

for n = 0, 1, . . .

Proof. The equality follows directly from (1) at k = kn given that Vn = V(kn), kn = g(kn)

and Vn+1 = V(kn+1). The inequality follows from inequality (2) at k = kn by setting
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k′ = kn, given that Vn = V(kn), kn+1 = g(kn) and Vn+1 = V(kn+1).

The first condition is an accounting identity for the associated sequence of values {Vn}
and simply restates (1) along the outcome path {kn}. The second condition is implied
by (2) and is based on ruling out a particular deviation, where the agent holds wealth
constant for one period, effectively resetting the sequence.10 If current wealth is kn then
the equilibrium path calls for the agent to choose kn+1 with continuation value Vn+1 for
total utility u(Rkn − kn+1) + βδVn+1. However, the agent can deviate by choosing k̃n+1 =

kn. Because the ensuing path simply postpones the original one we have: k̃n+1 = kn,
k̃n+2 = kn+1, k̃n+3 = kn+2, . . . and value Ṽn+1 = Vn, for a total utility u((R− 1)kn)+ βδVn.
The inequality in the lemma compares the equilibrium with the value of this deviation.

The advantage of this lemma is that it provides equilibrium restrictions directly on
the path {kn} (the path for {Vn} is implied), without requiring knowledge of the savings
function or value function, g and V.

We can rewrite these necessary conditions to exploit homogeneity offered by iso-
elastic utility. For any sequence {kn, Vn} define the normalized sequence {vn, xn} by
kn+1 = xnkn and Vn = vnk1−σ

n . The following lemma is then immediate (see Appendix A.4).

Lemma 6. Suppose {xn, vn} is a normalized outcome path of a Markov equilibrium. Then

vn = u(R− xn) + δvn+1x1−σ
n ,

(1− βδ)u(R− xn) + βδ(1− δ)vn+1x1−σ
n ≥ u(R− 1),

for n = 0, 1, . . .

4 Main Results: Global Savings or Dissavings

Our main results establish conditions for Markov equilibria to involve either saving ev-
erywhere or dissaving everywhere—saving and dissaving cannot coexist at different wealth
levels. In addition, whether saving or dissaving arises is determined by a simple condi-
tion comparing the interest rate to impatience parameters, R versus R∗. This condition
can be seen as generalizing the well-known comparison of R versus 1

δ for the standard
time-consistent model to this important benchmark time-inconsistent framework.

10When the second condition holds with equality the agent is indifferent to these two actions. Krusell
and Smith (2003) use such an equality as part of their local construction.
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4.1 Saving

We first consider the case where the interest rate is relatively high so that

R > R∗.

When β = 1 this condition is equivalent to R > 1
δ , otherwise when β < 1 it imposes a

higher lower bound on the interest rate.
We say there is saving in the upper tail if for any k̂ ≥ k there exists k ≥ k̂ such that

g(k) ≥ k. We first show that if a Markov equilibria features saving in the upper tail
then it must involve strict savings everywhere. This follows directly from the contagion
principle outlined in Section 3.1, drawing precisely on Lemmas 2–4.

Theorem 1. Suppose R > R∗. Consider a Markov equilibria (g, V) with savings in the upper
wealth tail so that for any k̂ ≥ k there exists k ≥ k̂ such that g(k) ≥ k. Then g(k) > k for all
k ≥ k.

In this context the contagion principle implies that an agent with wealth slightly below
a region with positive savings prefers to save, so as to place herself in the virtuous saving
region. As a result, dissaving behavior unravels. Indeed, this result establishes strictly
positive savings. Intuitively, once we ensure that future selves weakly save, current selves
prefer to strictly save.

Our next result shows that there must be saving in the upper tail if utility is isoelastic
as long as utility is not too close to being linear.

Theorem 2. Suppose utility is isoelastic and R > R∗. Then there exists σ < 1 such that for
σ ≥ σ all Markov equilibria feature savings in the upper tail: for any k̂ ≥ k there exists k ≥ k̂
such that g(k) ≥ k.

Taken together Theorems 1 and 2 guarantee that positive saving are a robust predic-
tion across all Markov equilibria. Recall that when R > R∗ a linear equilibrium with
positive savings always exists. Our results ensure the linear equilibrium with positive
saving is qualitatively representative of all Markov equilibria.

Theorem 2 rules out dissaving in the upper tail. How is this possible? After all, if
future selves dissave then the current self may find dissaving optimal and this may dis-
courage savings despite a relatively high interest rate. This strategic complementarity
is precisely behind the local construction in Krusell and Smith (2003). Theorem 2 show,
however, that sustaining dissavings in this manner is possible locally, but not globally.11

11Cao and Werning (2016) study a continuous-time version of this model and establish that when a
condition analogous to R > R∗ holds the unique equilibrium is the linear equilibrium with positive savings.
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The economic logic of Theorem 2 is as follows. Savings is guaranteed for high enough
wealth levels because if it were not then rich agents must expect a very prolonged spell of
declining wealth. For sufficiently rich agents such prospect a is so dire that the incentive
to save, given the high interest rate, takes over. In particular, we show that a very rich
agent prefers to deviate towards keeping wealth constant for one period, postponing the
declining path for wealth. This contradicts the proposed equilibrium.

The detailed proof of Theorem 2 is somewhat involved. We provide a sketch of the
main arguments below, drawing on the tools we developed in Section 3.2.

Sketch of Proof of Theorem 2. Write the two conditions from Lemma 6 recursively as

v = u(R− x) + δv′x1−σ, (5)

(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ ≥ u(R− 1). (6)

Define the correspondence

Γ(v′) ≡ {v|∃x ∈ [0, 1] satisfying (5) and (6)}

Then along an equilibrium outcome with kn+1 ≤ kn we must have vn ∈ Γ(vn+1).
Define the function

F(v′) ≡ max
x∈[0,1]

(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ.

Consider v̂ satisfying
F(v̂) = u(R− 1).

Since F is strictly increasing, there is at most one solution for v̂. For σ ≥ 1 a solution is
guaranteed and the same is true for σ ≥ σ for some σ ∈ (0, 1).

Whenever v′ ≥ v̂ then Γ(v′) is nonempty and let

h(v′) ≡ sup Γ(v′). (7)

We show that for σ ≥ σ for some σ ∈ (0, 1) we can guarantee that h is continuous and
strictly increasing in v′, that h(v′) < v′ for any v′ 6= v̄ = u(R−1)

1−δ and h(v̄) = v̄. Figure 1
illustrates h.

Using these properties of h the crux of the proof is simple. Towards a contradiction,
consider a Markov equilibrium with strict dissaving for all wealth above some k̂. Since g
is monotone, there is a steady state k∗ < k̂ with k∗ ≤ g(k) < k for all k > k∗. Starting from
a point above k∗ leads to a declining path converging to k∗. We next argue that there can
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Figure 1: An equilibrium must satisfy v ≤ h(v′). Here we plot h(v′) for σ = 0.5, β = 0.8,
δ = 0.95 and R = 1.07 for v ≥ v̂.

be no such path if one starts from a sufficiently high wealth level.
Because R > R∗ we know from Lemma 2 part (a) that vn+1 < v̄ for all n. Now since

vn ∈ Γ(vn+1)

and, given that vn+1 < v̄, we have

vn ≤ h(vn+1) < vn+1.

Iterating backward on this declining set of values one must arrive at some finite n where
vn < v̂. At that point Γ(vn) = ∅, so the sequence cannot be continued. More precisely,
using the inequality vn ≤ h(vn+1) repeatedly, we obtain v1 ≤ h(n

∗−1)(vn∗) < v̂ for n∗

sufficiently large. This implies Γ(v1) = ∅, which is a contradiction with v0 ∈ Γ(v1). We
also show that the size of each step, kn+1/kn, is bounded away from zero. These two facts
then imply that there is no equilibrium path that reaches above some sufficiently high
wealth level k̄ > k∗, a contradiction. This concludes the sketch of the proof.

15



4.2 Dissaving

We now turn to the reverse case and assume the interest rate is low to satisfy

R < R∗,

and show that in any Markov equilibrium there must be dissaving at all wealth levels.

Theorem 3. Suppose R ∈ (0, R∗). If R ≤ 1
δ then in any Markov equilibrium there is weak

dissaving, g(k) ≤ k for all k ≥ k. If R ∈ (1
δ , R∗) then there exists σ < 1 such that for all σ > σ

the same conclusion holds.

We present this result in a single theorem, our proof divides the argument as we did
for the savings case: establishing dissaving at the upper tail, showing that otherwise one
violates the necessary conditions from Lemma 6, and then using the contagion principle
to establish dissaving everywhere, drawing on Lemmas 2–4. We provide a sketch of the
proof below.

Chatterjee and Eyigungor (2015, Theorem 1) established that all Markov equilibria in-
volve dissavings for the case with R = 1

δ . Essentially the same argument can be extended
for R ≤ 1

δ . Intuitively, these cases are relatively straightforward, as reflected in our proof,
since even a time-consistent decision maker prefers to dissave when R ≤ 1

δ ; then β < 1
only reinforces this conclusion. However, a different and subtler line of reasoning is re-
quired to deal with cases where R ∈ (1

δ , 1 + 1−δ
βδ ). In this intermediate region of interest

rates, dissaving emerges from the time–inconsistency problem.
Note that Theorem 3 establishes weak dissaving, g(k) ≤ k, but stops short of claiming

strict dissaving, g(k) < k. There is good reason for this omission: it is known that a certain
kind of discontinuous Markov equilibria may exist, with jumps in the savings function
at interior steady states (see e.g. Chatterjee and Eyigungor, 2015, Theorem 5).12 For such
equilibria, g(k) = k for some finite or countable set of wealth levels k > k, while g(k) < k
elsewhere.

Combining the results from Theorems 1–3, it is natural to conjecture that when R = R∗

the unique equilibrium involves no savings, g(k) = k. Indeed, this equilibrium exists, but
we have not formally explored this knife-edged case and do not know if it is the unique
equilibrium. Our methods to not extend in any straightforward way to cover this case.

12See also Cao and Werning (2016) for a continuous-time version of such discontinuous equilibria. In
continuous time, one can show that the Markov equilibrium is unique near k. One can also show that there
is at most one continuous equilibrium and provide conditions for its existence.
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Sketch of Proof for Theorem 3. The case R ≤ 1
δ is straightforward. If g(k) > k at any

point k, then Lemma 2 part (b) implies V(k) < V̄(k) while 3 implies V(k) > V̄(k). A
contradiction. Thus, any Markov equilibrium must have g(k) ≤ k for all k.

Next consider R > 1
δ . As in Theorem 2, we first show by contradiction that there must

be weak dissaving in the upper tail: for any k̂ ≥ k there exists k ≥ k̂ such that g(k) ≤ k.
Towards a contradiction, suppose that there exists a point k̂ such that g(k) > k for all
k ≥ k̂. Then the sequence {kn} generated by k0 = k̂ and kn+1 = gn+1(k̂) = g(kn) is strictly
increasing. We consider two cases.

In the first case kn → k∗ < ∞. Since by hypothesis g(k∗) > k∗ we have an upward
jump in g at k∗ and V(k∗) > V̄(k∗). A variant of the contagion principle then implies that
along the sequence {kn} for n large enough a deviation that sets k′ = k∗ is preferable to
choosing k′ = kn+1 since V(kn+1) ≤ V̄(kn+1) while V(k∗) > V̄(k∗).

In the second case kn → ∞. We rule this out using the necessary conditions for an
equilibrium from Lemma 6. Define

Γs(v′) ≡ {v|∃x ∈ [1, R] satisfying (5) and (6)},

and hs(v′) ≡ sup Γs(v′). Along an equilibrium path where kn+1 ≥ kn we must have
vn ≤ hs(vn+1). For σ ≥ σ for some σ ∈ (0, 1) we show that (i) hs is continuous and strictly
increasing in v′, (ii) hs(v′) < v′ for all v′ > v̄ and (iii) hs(v̄) = v̄.

Because the sequence features strict saving and k1 > k0, we know that v0 > v̄. Let
vFB denote the (normalized) value of the optimum for the exponential consumer with
commitment (i.e. the unique equilibrium with β = 1). We then have

vn ≤ vFB

and since hs is an increasing function this gives

vn−1 ≤ hs(vn+1) ≤ hs(vFB).

Continuing in this way one obtains

v0 ≤ hn
s (v

FB),

for any n = 0, 1, . . . Taking the limit as n → ∞ gives hn
s (vFB) → v̄, so we conclude that

v0 ≤ v̄. A contradiction.
Having established weak dissaving in the upper tail the rest of the conclusions fol-

low from the contagion principle outlined in Section 3.1. Indeed, the formal proof in the
appendix draws on Lemmas 2–4.
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5 Conclusions

We have revisited the standard quasi-hyperbolic consumption-savings model. Our main
finding is that the set of Markov equilibria has the well-behaved property of predicting
saving or dissaving behavior globally, that is, for all wealth levels. Moreover, the con-
dition for saving versus dissaving behavior is a simple one that compares the interest
rate to discounting parameters. Our result, thus, extends a fundamental result from the
time-consistent consumption-saving setting to this workhorse time-inconsistency setting.
Similar conclusions may be available for other time-inconsistent setting, such as for polit-
ical economy models of public debt.
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Appendix

A Proofs from Section 3

The following lemmas apply to any Markov equilibrium (g, V).

A.1 Proof of Lemma 1

We now show that in any Markov equilibrium the savings function g is non-decreasing.
This result is standard and has been noted in the literature. We repeat the argument here
for completeness.

Given any k1 < k2, we show that g(k1) ≤ g(k2). If g(k2) ≥ Rk1 then g(k2) ≥ Rk1 ≥
g(k1) the result is immediate. If g(k2) < Rk1, from the definition of equilibrium, we have

u(Rk1 − g(k1)) + βδV(g(k1)) ≥ u(Rk1 − g(k2)) + βδV(g(k2))

and
u(Rk2 − g(k2)) + βδV(g(k2)) ≥ u(Rk2 − g(k1)) + βδV(g(k1)).
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Adding the two inequality side by side and simplify, we obtain

u(Rk1 − g(k1)) + u(Rk2 − g(k2)) ≥ u(Rk1 − g(k2)) + u(Rk2 − g(k1))

or equivalently

u(Rk1 − g(k1))− u(Rk2 − g(k1)) ≥ u(Rk1 − g(k2))− u(Rk2 − g(k2)).

Since u(.) is concave, this implies g(k1) ≤ g(k2).

A.2 Proof of Lemma 2

We first show that if R ≥ 1
δ and g(k) < k, then V(k) < V̄(k). We then show that if R ≤ 1

δ
and g(k) > k then V(k) < V̄(k).

When R ≥ 1
δ , we show that V̄(k) is the value function of the dynamic optimization

problem

max
{kn}

∞

∑
n=0

δnu(Rkn − kn+1)

subject to k0 = k and kn+1 ≤ kn. To do show, we just need to show that V̄ is the solution
of the Bellman equation associated to the problem:

W(k) = max
k′≤k
{u(Rk− k′) + δW(k′)}.

Consider the maximization problem

max
k′≤k
{u(Rk− k′) +

δ

1− δ
u
(
(R− 1) k′

)
}

where u((R−1)k′)
1−δ = V̄(k′). The first-order condition for k′ is

−u′(Rk− k′) +
R− 1
1
δ − 1

u′((R− 1) k′) ≤ 0,

with equality if k′ < k. Since R ≥ 1
δ at k′ = k the inequality holds, but at k′ < k it

is violated. Therefore, k′ = k is the unique solution of this maximization problem and
W(k) = V̄(k).

Now consider the sequence
{

k̃n
}

generated by the savings function, k̃0 = k and k̃n+1 =

g(k̃n). Since g is non-decreasing (Lemma 1), k̃n+1 = g(k̃n) ≤ k̃n implies k̃n+2 = g(k̃n+1) ≤
g(k̃n) = k̃n+1. Given the initial condition k̃1 < k̃0, this implies that kn+1 ≤ kn for all n. It
follows that

V(k) =
∞

∑
n=0

δnu
(

Rk̃n − k̃n+1
)
< V̄(k).

The proof for the case R ≤ 1
δ is entirely symmetric.
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A.3 Proof of Lemma 3

We now show that in any Markov equilibrium if for some k we have g(k) ≥ k then at this
k we must have V(k) ≥ V̄(k). Moreover, if g(k) > k then V(k) > V̄(k).

From the definition of equilibrium, we have

V(k) = u(Rk− g(k)) + δV(g(k)),

u(Rk− g(k)) + βδV(g(k)) ≥ u(Rk− k) + βδV(k).

Therefore,

u(Rk− g(k)) + β (V(k)− u(Rk− g(k))) ≥ u(Rk− k) + βδV(k).

Rearranging and using the hypothesis that g(k) ≥ k (and that u is increasing) we have

β(1− δ)V(k) ≥ u(Rk− k)− (1− β)u(Rk− g(k)) ≥ βu(Rk− k).

This implies V(k) ≥ 1
1−δ u(Rk − k) = V̄(k). Reviewing the argument, the inequality is

strict whenever g(k) > k.

A.4 Proof of Lemma 6

Dividing the equality and inequality from Lemma 5 by k1−σ
n we obtain

Vn

k1−σ
n

=
1

k1−σ
n

u(Rkn − kn+1) + δ
Vn+1

k1−σ
n+1

k1−σ
n+1

k1−σ
n

,

1
k1−σ

n
u(Rkn − kn+1) + βδ

Vn+1

k1−σ
n+1

k1−σ
n+1

k1−σ
n
≥ u((R− 1)kn) + βδ

Vn

k1−σ
n

,

and using the definition for xn and that 1
k1−σ u(c) = u( c

k ) we obtain

vn = u(R− xn) + δvn+1x1−σ
n ,

u(R− xn) + βδvn+1x1−σ
n ≥ u(R− 1) + βδvn.

Substituting the first equation into the last inequality then yields the desired result.

B Proof of Theorem 1

We proceed in two steps. First, we show that Markov equilibria cannot involve strict
dissaving at any asset level. We then show that saving must actually be strict.

Proof of Weak Savings. First we show that g(k) ≥ k for all k ≥ k. We proceed by
contradiction and assume that there exists k̃ such that g(k̃) < k̃. By hypothesis we have
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that
k̆ ≡ inf

{
k ≥ k̃ : g(k) ≥ k

}
< ∞.

There are two cases to consider, both leading to a contradiction.
Case 1: First suppose g(k̆) ≥ k̆. This implies that k̃ < k̆ and, hence, that g(k) < k for all
k ∈ (k̃, k̆). Since g is a Markov equilibrium savings function it must satisfy (2) for all k,
implying

u(Rk− g(k)) + βδV(g(k)) ≥ u(Rk− k̆) + βδV(k̆).

By Lemma 3, V(k̆) ≥ V̄(k̆). This implies

u(Rk− k̆) + βδV(k̆) ≥ u(Rk− k̆) + βδV̄(k̆).

Combining the two inequalities gives for all k ≥ k

u(Rk− g(k)) + βδV(g(k)) ≥ u(Rk− k̆) + βδV̄(k̆). (8)

Now consider k ∈ (k̃, k̆), so that g(k) < k < k̆. By monotonicity of g, then g(g(k)) ≤
g(k). If this weak inequality holds with equality then V(g(k)) = V̄(g(k)), otherwise, if
the inequality is strict, by Lemma 2 part (a) we have V(g(k)) < V̄(g(k)). Combining, we
conclude that V(g(k)) ≤ V̄(g(k)) and using (8) then gives that for all k ∈ (k̃, k̆)

u(Rk− g(k)) + βδV̄(g(k)) ≥ u(Rk− k̆) + βδV̄(k̆). (9)

We shall derive a contradiction with this inequality.
Indeed, since g(k) < k, Lemma 4 part (a) shows that

u(Rk− g(k)) + βδV̄(g(k)) < u(Rk− k) + βδV̄(k).

In addition, also by Lemma 4 part (a), for k < k̆ sufficiently close to k̆,

u(Rk− k) + βδV̄(k) < u(Rk− k̆) + βδV̄(k̆).

Together the last two inequalities contradict inequality (9).
This proves that g(k̆) ≥ k̆ is not possible.

Case 2: Now suppose g(k̆) < k̆. We shall find that this case also leads to a contradiction.
Since g(k̆) < k̆, the definition of k̆ implies that there exists a sequence {ln}with ln > k̆,

limn→∞ ln = k̆ satisfying g(ln) ≥ ln. Since g is a Markov equilibrium savings function it
must satisfy (2) for k = k̆, implying

u(Rk̆− g(k̆)) + βδV(g(k̆)) ≥ u(Rk̆− ln) + βδV(ln).

By Lemma 3, since g(ln) ≥ ln we have V(ln) ≥ V̄(ln) and thus

u(Rk̆− ln) + βδV(ln) ≥ u(Rk̆− ln) + βδV̄(ln).

22



Combining gives

u(Rk̆− g(k̆)) + βδV(g(k̆)) ≥ u(Rk̆− ln) + βδV̄(ln).

Also by Lemma 2 (for R > 1
δ ), V(g(k̆)) ≤ V̄(g(k̆)), implying

u(Rk̆− g(k̆)) + βδV̄(g(k̆)) ≥ u(Rk̆− ln) + βδV̄(ln).

Now taking the limit as n→ ∞, this implies

u(Rk̆− g(k̆)) + βδV̄(g(k̆)) ≥ u(Rk̆− k̆) + βδV̄(k̆).

However, since g(k̆) < k̆, this contradicts the conclusion of Lemma 4a (for k = k̆ and
k′ = g(k̆)). This contradiction implies that g(k̆) < k̆ is not possible.

Since either Case 1 or Case 2 must hold and both lead to a contradiction we conclude
that the hypothesis that there exists k̃ such that g(k̃) < k̃ must be false. Therefore, we
have shown that g(k) ≥ k for all k ≥ k.

Proof of Strict Saving. Having established that g(k) ≥ k for all k, we now show that
the inequality is actually strict, so that g(k) > k for all k. Assume towards a contradiction
that g(k̆) = k̆ for some k̆ ≥ k. By the Markov equilibrium condition (2) this implies

u((R− 1)k̆) + βδV(k̆) ≥ u(Rk̆− k) + βδV(k)

for all k ≥ k. Since V(k̆) = V̄(k̆) this implies

u((R− 1)k̆) + βδV̄(k̆) ≥ u(Rk̆− k) + βδV(k)

for all k ≥ k. Since we have shown that g(k) ≥ k for all k ≥ k, Lemma 3 implies V(k) ≥
V̄(k). Thus,

u((R− 1)k̆) + βδV̄(k̆) ≥ u(Rk̆− k) + βδV̄(k)

for all k ≥ k. However, this contradicts the conclusion of Lemma 4 part (a) (for k = k̆ and
k′ > k̆).

We conclude that there cannot be g(k̆) = k̆ for some k̆ ≥ k. Thus, we have shown that
g(k) > k for all k ≥ k.

C Proof of Theorem 2

Let σ = max {σ1, σ2} < 1, where σ1 and σ2 are defined in Lemma 8 and 12, so that the two
lemmas apply. Lemma 8 ensures that h is increasing and h(v′) < v′ for all v′ < v̄. Lemma
12 implies that there exists x ∈ (0, 1) such that for v′ ∈ [v̂, v̄) then for all x satisfying (6)
we have x ≥ x.

We prove the result by contradiction. Assume that there exists k̄ ≥ k such that g(k) < k
for all k′ ≥ k̄.
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When k = 0, Lemma 14 shows that there exists k > 0 such that g(k) ≥ k. When k > 0,
the equilibrium definition immediately implies g(k) ≥ k. In either case, we can find k > 0
such that g(k) ≥ k. By the definition of k̄, k < k̄.

Let k∗ = sup{k ∈ [k, k̄] : g(k) ≥ k} (recall that g(k) ≥ k so this supremum is well
defined and is greater than or equal to k). We first show that k∗ is a steady state, so that
g(k∗) = k∗. If g(k∗) > k∗, then since by Lemma 1 g is non-decreasing we have g(g(k∗)) ≥
g(k∗) and g(k∗) ≤ g(k̄) < k̄. This contradicts the definition of k∗ since g(k∗) is greater than
k∗ and satisfies the required properties. If g(k∗) < k∗ then by the definition of k∗ there
must exist k′ ∈ (g(k∗), k∗) such that g(k′) ≥ k′. However, this implies that g(k′) > g(k∗)
which violates the monotonicity of g. In either case we obtain a contradiction, therefore
g(k∗) = k∗.

By definition of k∗, g(k) < k for all k > k∗. We now show that this must lead to a
contradiction.

We will use the recursion starting at a point v′ < v̄− ε for some ε > 0 defined below.
We now guarantee that this is possible for any equilibrium path that start at a sufficiently
high wealth level. Recall that

V̄(k) =
u ((R− 1) k)

1− δ
.

Lemma 2, shows that V(k) < V̄(k) for all k > k∗. Moreover, Lemma 7 shows that, there
exists k̃ > k∗ such that

V(k) < V̄(k)− (k− k∗)2

for all k ∈ (k∗, k̃). Therefore,

v(k) ≡ V(k)
k1−σ

< v̄− (k− k∗)2

k1−σ
.

Define ˜̃k = k∗+k̃
2 ∈ (k∗, k̃). Then for k ∈ ( ˜̃k, k̃) we have

v(k) < v̄− ε1

for some ε1 > 0.13 This implies that for any equilibrium paths {kn} for which kn ∈ ( ˜̃k, k̃)
for some n then vn < v̄− ε1. However, for decreasing paths {kn}with kn → k∗ and k0 > k̃
it may be that there does not exist any n such that kn ∈ ( ˜̃k, k̃), but instead there exists m
with km > k̃ and km+1 < ˜̃k. In that case, km+1/km < 1− γ ≡ ˜̃k/k̃ and Lemma 11 applies.
This lemma shows that there exists ε2 > 0 such that hγ(v′) < v̄− ε2 for all v′ ≤ v̄, where
hγ is defined in Lemma 11. Let ε = min (ε1, ε2). We have thus shown that all paths that
start above k̃ must at some point have vn < v̄− ε as desired.

Now given ε, let N be such that h(N)(v̄ − ε) < v̂. N exists and is finite because h is
continuous, increasing, and h(v′) < v′ as shown in Lemma 8.

Given N, x and k̃, we choose any k̄ such that k̄ > K ≡ x−(N+1)k̃ > k̃. We also allow

13In particular ε1 = mink∈[ ˜̃k,k̃]
(k−k∗)2

k1−σ > 0.
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k̄ = ∞. We now have all the elements in place to show that there cannot be an equilibrium
defined over the interval

[
k, k̄
]
. Assume towards a contradiction that such an equilibrium

exists.
Let k0 ∈ (K, k̄) and consider the sequence {kn} generated by the savings function

kn+1 = g(kn). Construct the sequences {xn} and {vn} by

xn =
kn+1

kn
and vn =

V(kn)

k1−σ
n

.

By Lemma 2, vn ≤ v̄ for all n = 0, 1, . . . By the definition of Γ we must have vn ∈ Γ(vn+1).
Lemma 12 ensures that xn > x, for all n = 0, 1, . . .

Since g(k) < k for all k > k∗ then we have a decreasing sequence kn+1 < kn. By
Lemma 13b, limn→∞ kn = k∗. Thus, there exists M such that kM ∈ [k∗, ˜̃k] and kM−1 > ˜̃k,
i.e. a point close the steady state but not too close. Now since k0 > K and

k̃ > kM = k0

M−1

∏
i=0

xi > k0 (x)M > K (x)M .

Therefore,
x−M k̃ > K = x−(N+1)k̃.

It follows that M > N + 1.
There are now two cases to consider, depending on the position of kM−1. In the first

case, kM−1 ∈ ( ˜̃k, k̃). Then, as shown above, vM−1 < v̄− ε1 < v̄− ε. In the second case,
kM−1 /∈ ( ˜̃k, k̃), then xM−1 = kM

kM−1
< 1− γ, therefore vM−1 < hγ(vM) < v̄− ε.

In either case vM−1 < v̄ − ε. It follows that vM̂ < h(N)(vM−1) < h(N)(v̄ − ε) < v̂
for M̂ ≡ M − 1 − N ≥ 1, implying that Γ(vM̂) = ∅. This is a contradiction with the
requirement that vM̂−1 ∈ Γ(vM̂) since M̂− 1 ≥ 0.

D Proof of Theorem 3

Define the correspondence

Γs(v′) ≡ {v|∃x ≥ 1 satisfying (5) and (6)}.

Then for any equilibrium path with kn+1 ≥ kn we must have vn ∈ Γs(vn+1).
Define v̄ ≡ u(R−1)

1−δ . One can show that the function

Fs(v′) ≡ max
x∈[1,R]

(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ.

is strictly increasing in v′ and that Fs(v̄) = u(R− 1). It follows that the set of x ∈ [1, R] for
which (6) holds is non empty if and only if v′ ≥ v̄. Thus, Γs(v′) 6= ∅ if and only if v′ ≥ v̄.
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For all v′ ≥ v̄ define
hs(v′) ≡ sup Γs(v′). (10)

Now assume that g(k) > k at some k ≥ k. We show that this must lead to a contradic-
tion.
Case 1: R ≤ 1

δ . By Lemma 2, we have V(k) < V̄(k). By Lemma 3, V(k) ≥ V̄(k). The two
inequalities contradict each other.
Case 2: Rδ > 1. The proof follows closely the ones for Theorem 1 and Theorem 2.

Lemma 15 shows that there exists σ < 1 such that for σ > σ, hs(v′) < v′ for all v′ > v̄.
Assume σ > σ. First, we show by contradiction that for any σ > σ, Markov equilibria
feature dissaving at high wealth: for any k̂ ≥ k there exists k ≥ k̂ such that g(k) ≤ k.
Towards a contradiction, suppose one has a Markov equilibrium with strict savings for
all wealth at or above some level k̂, i.e. g(k) > k for all k ≥ k̂.

Consider the sequence of asset {kn}∞
n=1 generated by the savings function g: kn+1 =

g(kn) and k0 = k̂. By Lemma 1, {kn} is non-decreasing. There are then two possibilities.
Either limn→∞ kn = k∗ < ∞ (Case 2a) or limn→∞ kn = ∞ (Case 2b). We rule out both cases
by contradiction.
Case 2a. Assume limn→∞ kn = k∗ < ∞. Since g is non-decreasing, g(k∗) ≥ k∗. However,
by hypothesis g(k) > k for all k ≥ k̂ and since k∗ ≥ k̂ we have g(k∗) > k∗. By Lemma 3,
we conclude that V(k∗) > V̄(k∗). Now

V(kn+1) =
∞

∑
m=0

δmu(Rkn+1+m − kn+2+m)→ V̄(k∗),

because kn → k∗. Since (g, V) is a Markov equilibrium condition (2) must hold for k = kn,
implying

u(Rkn − kn+1) + βδV(kn+1) ≥ u(Rkn − k∗) + βδV(k∗).

Taking the limit n→ ∞ on both sides gives V̄(k∗) ≥ V(k∗), a contradiction.
Case 2b. Assume next that limn→∞ kn = ∞. Let vn = V(kn)

k1−σ
n

. Because the sequence fea-

tures strict saving and k1 > k0, by Lemma 3, we know that v0 > v̄. Let vFB denote the
(normalized) value of the optimum for the exponential consumer with commitment, i.e.

vFBk1−σ = max
{ln},l0=k

∞

∑
n=0

δnu(Rln − ln+1)

and vFB < ∞ since δR1−σ < 1. We then have

vn ≤ vFB

and since hs is an increasing function this gives

vn−1 ≤ hs(vn+1) ≤ hs(vFB).
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Continuing in this way one obtains

v0 ≤ hn
s (v

FB),

for any n = 0, 1, . . . Taking the limit as n → ∞ gives hn
s (vFB) → v̄, so we conclude that

v0 ≤ v̄. A contradiction.
Both Case 2a and Case 2b lead to a contradiction. Therefore we obtain the desired

result: for any k̂ ≥ k there exists k ≥ k̂ such that g(k) ≤ k. Now we use this result to show
the main result that g(k) ≤ k for all k ≥ k.

We proceed again by contradiction and assume that there exists k̃ such that g(k̃) > k̃.
The last result then implies that this savings cannot continue indefinitely and that

k̆ = inf{k ≥ k̃ : g(k) ≤ k} < ∞.

By definition, g(k) > k for all k ∈
(

k̃, k̆
)

. We first show that k̆ is a steady-state, so that

g(k̆) = k̆. If g(k̆) > k̆, then by the definition of k̆, there exists k ∈
(

k̆, g(k̆)
)

such that
g(k) ≤ k. However this implies

g(k) ≤ k < g(k̆),

which contradicts the monotonicity of g shown in Lemma 1. Therefore g(k̆) ≤ k̆. Also by
the definition of k̆,

k < g(k) ≤ g(k̆) ≤ k̆

for all k ∈
(

k̃, k̆
)

. Taking the limit k→ k̆ from the left, we obtain g(k̆) = k̆.

Since g is a Markov equilibrium savings function it must satisfy (2) for k = k̆, implying

u(Rk̆− g(k̆)) + βδV(g(k̆)) ≥ u(Rk̆− k) + βδV(k),

for all k ∈
(

k̃, k̆
)

. Since g(k̆) = k̆ which implies V(g(k̆)) = V̄(k̆) and g(k) > k which

implies V(k) > V̄(k) by Lemma 3, we obtain

u(Rk̆− k̆) + βδV̄(k̆) > u(Rk̆− k) + βδV̄(k).

This contradicts the conclusion of Lemma 4b for k < k̆ and sufficiently close to k̆.

E Supporting Lemmas

Lemma 7. Suppose R > R∗ and k∗ is a steady state and in addition g(k) < k for all k > k∗.
Then there exists k̃ > k∗ such that V(k) < V̄(k)− (k− k∗)2 for all k ∈

(
k∗, k̃

)
.

Proof. For any k ≥ k∗, we have

u((R− 1)k∗) + βδV(k∗) ≥ u(Rk∗ − k) + βδV(k).
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Since k∗ is a steady-state

V(k∗) =
1

1− δ
u ((R− 1)k∗)

so (
1 +

βδ

1− δ

)
u ((R− 1)k∗)− u(Rk∗ − k) ≥ βδV(k).

Now, we show that there exists an interval
(
k∗, k̃

)
to the right of the steady-state such that

the LHS is strictly less than βδ
(

V̄(k)− (k− k∗)2
)

for all k ∈
(
k∗, k̃

)
.

Indeed, the derivative of the LHS is

u′(Rk∗ − k)

and the derivative of βδ
(

V̄(k̃)− (k− k∗)2
)

is

βδ

1− δ
(R− 1) u′((R− 1) k)− βδ2(k− k∗).

The condition that R > R∗ is equivalent to

βδ

1− δ
(R− 1) > 1,

so we have
βδ

d
dk

(
V̄(k)− (k− k∗)2

)
> u′(Rk∗ − k)

for k sufficiently close to k∗. Therefore(
1 +

βδ

1− δ

)
u ((R− 1)k∗)− u(Rk∗ − k) < βδ

(
V̄(k)− (k− k∗)2

)
for k sufficiently close to k∗. Consequently

V̄(k)− (k− k∗)2 > V(k)

in a neighborhood to the right of k∗.

Lemma 8. Suppose R > R∗. Let h be defined by (7). Then
(a). h(v′) is continuous, strictly increasing in v′ and h(v̄) = v̄.
(b). Given R, β, δ, there exists σ1 < 1 such that for all σ > σ1, h(v′) < v′ for all v′ 6= v̄.

Proof. Proof of Part a: Let us define

H(v′, x) ≡ u (R− x) + δv′x1−σ

and
F(v′, x) ≡ (1− βδ)u(R− x) + βδ(1− δ)v′x1−σ
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and
F (v′) ≡

{
x ∈ [0, 1] : F(v′, x) ≥ u (R− 1)

}
.

Given these definitions, we can write the function h as

h(v′) = max
x∈F (v′)

H
(
v′, x

)
.

By Berge’s Maximum Theorem, h is continuous.
It is easy to show that F are strictly concave in x. Therefore F (v′) is an interval, i.e.

F (v′) = [x1(v′), x2(v′)] where 0 ≤ x1(v′) ≤ x2(v′) ≤ 1. Since F(v′1, x) ≤ F(v′2, x) for any
v′1 < v′2, we have F (v′1) ⊂ F (v′2).

In addition H(v′1, x) ≤ H(v′2, x) for any v′1 < v′2, therefore h(v′1) ≤ h(v′2). It is also easy
to rule out equality (h(v′1) = h(v′2) only if v′1 = 0 however in this case v′2 > v′1 = 0 leading
to h(v′1) = u(R) < h(v′2), a contradiction). Therefore h(v′1) < h(v′2).

Now at v′ = v̄, we have, F (v̄, 1) = u(R− 1). Consider the derivative ∂F
∂x (v̄, x = 1):

∂F
∂x

= −(1− βδ)u′(R− x) + βδ(1− δ)v′(1− σ)x−σ

since v̄ = u(R−1)
1−δ ,

∂F
∂x

(v̄, 1) = u′ (R− 1) (βδR− 1) .

If βδR ≥ 1 then ∂F
∂x ≥ 0, thereforeF (v̄) = {1} and v̄ = v̂. In this case, h(v̄) = H(v̄, 1) =

v̄.
If βδR < 1 then ∂F

∂x < 0, therefore F (v̄) = {x1, 1} where 0 ≤ x1 < 1. Now

∂H
∂x

= −u′(R− x) + δv′(1− σ)x−σ.

Since v̄ = u(R−1)
1−δ ,

∂H
∂x

(v̄, 1) = u′ (R− 1)
(

δR− 1
1− δ

)
.

Because R > 1
δ , ∂H

∂x (v̄, 1) > 0. Moreover, H is concave in x, therefore H is strictly increas-
ing for x ∈ [x1, 1]. So h(v̄) = H(v̄, 1) = v̄.

Proof of Part b: We rewrite function h(.) as

h(v′) = max
x∈[0,1]

u(R− x) + δv′x1−σ (11)

subject to
(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ ≥ u(R− 1). (12)

Let x̂ be the solution to this optimization problem. We show that h(v′) < v′ separately in
two cases.

Case 1: σ < 1. We will show that for σ sufficiently close to 1, and if x̂ < 1, constraint
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(12) holds with equality, i.e.

(1− βδ)u(R− x̂) + βδ(1− δ)v′ x̂1−σ = u(R− 1).

We show that h(v′) < v′ when v′ 6= v̄, in this case. Indeed, we have

h(v′) = u(R− x̂) + δv′ x̂1−σ

and
(1− βδ)u(R− x̂) + βδ(1− δ)v′ x̂1−σ = u(R− 1).

Showing that h(v′) ≤ v′ is equivalent to showing

v′ ≥ u(R− x̂)
1− δx̂1−σ

.

From the second equation,

v′ =
u(R− 1)− (1− βδ)u(R− x̂)

βδ(1− δ)x̂1−σ
.

Therefore, we need to show

u(R− 1)− (1− βδ)u(R− x̂)
βδ(1− δ)x̂1−σ

≥ u(R− x̂)
1− δx̂1−σ

,

or equivalently,

u(R− 1) ≥ u(R− x̂)
(

βδ(1− δ)x̂1−σ

1− δx̂1−σ
+ 1− βδ

)
.

Let

φ(x) ≡ u(R− x)
(

βδ(1− δ)x1−σ

1− δx1−σ
+ 1− βδ

)
(13)

= u(R− x)
(

β(1− δ)

1− δx1−σ
+ 1− β

)
.

In Lemma 9 below, we show that for σ sufficiently close to 1, φ′(x) > 0. Therefore φ(x̂) <
φ(1) = u(R− 1) for all x̂ < 1. This implies h(v′) ≤ v′. In addition, we obtain an equality
if and only if x̂ = 1 and v′ = u(R−1)

1−δ = v̄. Otherwise h(v′) < v′.
Now we show that if σ < 1 but sufficiently close to 1 and x2(v′) < 1, the constraint

(12) binds at x = x̂. Indeed, we rewrite the constraint as

u(R− x) +
βδ(1− δ)

1− βδ
v′x1−σ ≥ 1

1− βδ
u(R− 1).

Both the LHS of this constraint and the objective function in (11) are single-peaked. Since
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βδ(1−δ)
1−βδ < δ, the peak of the LHS lies to the left of the peak of the objective function.

The constraint is then equivalent to x ∈ [x1(v′), x2(v′)] where the constraint holds with
equality at x1 and if x2 ≤ 1 it also holds with equality at x2, otherwise x2 = 1. Lemma 10
below shows that for σ < 1 but sufficiently close to 1, if the peak of the objective function
x∗ ≤ 1 then

u(R− x∗) +
βδ(1− δ)

1− βδ
v′(x∗)1−σ <

1
1− βδ

u(R− 1).

Thus, x∗ > x2. Therefore, the objective function is strictly increasing in x ∈ [x1(v′), x2(v′)],
which then implies that x̂ = x2 < 1. If x∗ > 1, then obviously x2 < x∗ and the same con-
clusion holds.

We have shown that for σ sufficiently close to 1 and if x̂ < 1, then h(v′) < v′. The
remaining possibility is that x2(v′) = x̂ = 1. In this case

h(v′) = u(R− 1) + δv′ < v′

if v′ > v̄. If v̂ ≤ v′ < v̄, we show that x2(v′) = x̂ < 1, so this case does not apply. Indeed,
when x = 1, since v′ < v̄

(1− βδ)u(R− 1) + βδ(1− δ)v′ < u(R− 1).

Since v′ ≥ v̂, then there exists x < 1 such that

(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ ≥ u(R− 1).

Therefore x2(v′) < 1.
Case 2: σ > 1. When x2(v′) = 1, as shown above for σ < 1, we have h(v′) < v′.
When x2(v′) < 1. If x̂ < x2(v′) < 1, then x̂ is a local maximum of the objective

function, (11), determining h. Therefore,

(R− x̂)−σ = δv′(1− σ) (x̂)−σ .

This implies

v′ =
(R− x̂)−σ

δ(1− σ) (x̂)−σ .

So

h(v′) = u(R− x̂) + δv′ x̂1−σ = u(R− x̂) + δ
(R− x̂)−σ

δ(1− σ)
x̂.

Therefore
h(v′) < v′

if and only if

(R− x̂)1−σ + (R− x̂)−σ x̂ >
(R− x̂)−σ

δ
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or equivalently

R (x̂)−σ >
1
δ

which is true since R > 1
δ and x̂ < 1.

When x̂ = x2(v′). If δx̂1−σ ≥ 1, given that v′ < 0 and u < 0,

h(v′) = u(R− x̂) + δv′ x̂1−σ < v′.

Now if δx̂1−σ ≤ 1, Lemma 9 shows that φ is defined in (13) is strictly increasing in x
when δx1−σ ≤ 1. Therefore φ(x̂) < φ(1). As shown for the case σ < 1, this implies
h(v′) < v′.

Lemma 9. Suppose R > R∗. Let φ be defined by (13). When either i) σ > 1 and δx1−σ ≤ 1, or
ii) σ < 1 but sufficiently close to 1, φ′(x) > 0 for all x ∈ [0, 1].

Proof. Differentiating φ(x), we get

φ′(x) = −u′(R− x)
(

β(1− δ)

1− δx1−σ
+ 1− β

)
+ u(R− x)

β(1− δ)δ(1− σ)x−σ

(1− δx1−σ)
2

= u′(R− x)

(
β(1− δ)δx−σ

(1− δx1−σ)
2 (R− x)− β(1− δ)

1− δx1−σ
− (1− β)

)

= u′(R− x)
x−σ

(1− δx1−σ)
2 ψ(x),

where

ψ(x) ≡ β(1− δ)δ(R− x)− β(1− δ)xσ
(

1− δx1−σ
)
− (1− β)

(
1− δx1−σ

)2
xσ (14)

= β(1− δ)δR− β(1− δ)xσ − (1− β)
(

1− δx1−σ
)2

xσ

= β(1− δ)δR− (1− βδ)xσ + 2(1− β)δx− (1− β)δ2x2−σ.

Showing φ′(x) > 0 is equivalent to showing ψ(x) > 0, which we do below.
At x = 1,

ψ(1) = (1− δ)βδ

(
R− 1− 1− δ

βδ

)
> 0

given that R > R∗.
Now, if σ < 1, ψ(0) > 0. So, in the interior, consider a local minimum x̃, such that

ψ′(x̃) = 0 where

ψ′(x) = −σ(1− βδ)xσ−1 + 2(1− β)δ− (1− β)δ2(2− σ)x1−σ

which implies

0 = −σ(1− βδ)x̃σ + 2(1− β)δx̃− (1− β)δ2(2− σ)x̃2−σ.
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Plugging this into the expression for ψ, we get

ψ(x̃) = β(1− δ)δR− (1− βδ)x̃σ(1− σ) + (1− β)δ2(1− σ)x̃2−σ

since
R > 1 +

1− δ

βδ

we have
ψ(x̃) > (1− δ) (βδ + 1− δ)− (1− βδ) (1− σ),

which is strictly positive if σ is sufficiently close to 1. Therefore ψ(x) > 0 for all x ∈ [0, 1].
If σ > 1. We first show that ψ is concave in x as long as δx1−σ ≤ 1. Indeed,

ψ′′(x) = −(1− βδ)xσ−2σ(σ− 1) + (1− β)δ2(2− σ)x−σ(1− σ).

If σ ≥ 2 then it is immediate that ψ′′(x) < 0. If 1 < σ < 2, then

ψ′′(x) = xσ−2(1− σ)
(
−(1− βδ)σ + (1− β)δ2x2−2σ(2− σ)

)
≤ xσ−2(1− σ) (−(1− βδ)σ + (1− β)(2− σ))

< 0,

where the first inequality comes from δx1−δ ≤ 1 and the second inequality comes from
σ > 2− σ and 1− βδ > 1− β.

Since ψ(x) is strictly concave in x, we just need to show that ψ(x) > 0 when x = 1 or
when δx1−σ = 1.

When x = 1, ψ(1) > 0 is shown above. When δx1−σ = 1,

ψ(x) = β(1− δ)δR− (1− βδ)xσ + 2(1− β)δx− (1− β)δ2x2−σ

= β(1− δ)δR− (1− βδ)xσ + 2(1− β)δx− (1− β)δx
= β(1− δ)δR− (1− βδ)δx + 2(1− β)δx− (1− β)δx
= β(1− δ)δ(R− x) > 0.

Lemma 10. Suppose R > R∗. Suppose σ < 1. Let

x∗ = arg max
x≥0

u(R− x) + δv′x1−σ.

There exists σ < 1 such that for all σ ≥ σ, if x∗ ≤ 1 then

(1− βδ)u(R− x∗) + βδ(1− δ)v′ (x∗)1−σ < u(R− 1). (15)

Proof. Indeed,
(R− x∗)−σ = δv′(1− σ) (x∗)−σ
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Therefore

v′ =
(R− x∗)−σ

δ(1− σ) (x∗)−σ .

Plugging this into the LHS of (15), we obtain

(1− βδ)u(R− x∗) + βδ(1− δ)v′ (x∗)1−σ

= (1− βδ)u(R− x∗) + βδ(1− δ)
(R− x∗)−σ

δ(1− σ) (x∗)−σ (x∗)1−σ

= (1− βδ)
(R− x∗)1−σ

1− σ
+ β(1− δ)

(R− x∗)−σ

(x∗)−σ

(x∗)1−σ

1− σ
.

When σ < 1, the desired inequality (15) is then equivalent to

(1− βδ) (R− x∗) + β(1− δ)x∗ < (R− x∗)σ (R− 1)1−σ ,

or
(1− βδ)R < (1− β) x∗ + (R− x∗)σ (R− 1)1−σ .

The right hand side is concave, therefore we just need to show that the inequality holds
at x∗ = 1 and x∗ = 0. At x∗ = 1, it is equivalent to

(1− βδ)R < (1− β) + R− 1

or
1
δ
< R

which is satisfied by assumption.
At x∗ = 0, the inequality is equivalent to

1− βδ <

(
1− 1

R

)1−σ

(16)

Since
R > 1 +

1− δ

βδ
,

the inequality (16) holds if

1− βδ <

(
1− δ

1− δ + βδ

)1−σ

.

This is true if σ is sufficiently close to 1.

Lemma 11. For 0 < γ < 1 define

hγ(v′) = max
x∈[0,1−γ]

u(R− x) + δv′x1−σ
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subject to
(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ ≥ u(R− 1).

There exists ε2 such that hγ(v′) < v̄− ε2 for all v′ ≤ v̄.

Proof. As shown for h(v′), we have hγ(v′) is increasing in v′.
At v′ = v̄, since hγ(v̄) = G(v̄, 1− γ) < G(v̄, 1) = v̄. Let ε2 = G(v̄,1)−G(v̄,1−γ)

2 , then
hγ(v′) ≤ hγ(v̄) < v̄− ε2 for all v′ ≤ v̄.

Lemma 12. There exists σ2 < 1 such that for any σ > σ2: there exists x ∈ (0, 1) with the
property that x satisfies (6) for some v′ ≤ v̄ implies x ≥ x.

Proof. We choose σ2 such that

1− βδ <

(
R− 1

R

)1−σ

for all σ ≥ σ2. Notice that the RHS is strictly greater than 1 if σ > 1 and is close to one as
σ approaches 1 and the LHS is strictly less than 1.

Since
(1− βδ)u(R− x) + βδ(1− δ)v′x1−σ ≥ u(R− 1)

and v′ ≤ v̄. We have

(1− βδ)u(R− x) + βδ(1− δ)v̄x1−σ ≥ u(R− 1).

As x → 0, the LHS converges to
(1− βδ)u(R),

when σ < 1 and −∞ when σ > 1, which is strictly less than the RHS since σ ≥ σ2.
Therefore, x ≥ x for some x > 0.

Lemma 13. Suppose R > R∗. We have the following properties.
(a). Given k0 ≥ k, and k1 = g(k0) ≤ k0. Assume the sequence {kn} generated by the savings

function starting from k0, converges to some k̃ > 0. We have g(k̃) = k̃.
(b). Assume k∗ ≥ k is a steady state and in addition g(k) < k for all k > k∗. The sequence

{kn} generated by the savings function starting from any k0 > k∗ satisfies limn→∞ kn = k∗.

Proof. Part a: We observe that kn+1 = g(kn) ≤ kn. By the monotonicity of g shown in
Lemma 1, we have kn+2 = g(kn+1) ≤ kn+1 = g(kn). Therefore {kn} is a decreasing se-
quence and converges to k̃ by assumption. Therefore k̃ ≤ kn. Again, by the monotonicity
of g, g(k̃) ≤ g(kn) = kn+1. Taking the limit n → ∞, we obtain g(k̃) ≤ k̃. Now to show
that g(k̃) = k̃, we just need to rule out g(k̃) < k̃. We show this by contradiction. Assume
g(k̃) < k̃. From the optimality of g(k̃) at k̃, we have

u(Rk̃− g(k̃)) + βδV(g(k̃)) ≥ u(Rk̃− kn+1) + βδV(kn+1).

By Lemma 2, V(g(k̃)) ≤ V̄(g(k̃)). Therefore

u(Rk̃− g(k̃)) + βδV̄(g(k̃)) ≥ u(Rk̃− kn+1) + βδV(kn+1).
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Now as n → ∞, V(kn+1) = ∑∞
m=0 δmu(Rkn+1+m − kn+2+m) → V̄(k̃) and kn+1 → k̃, the

inequality above implies

u(Rk̃− g(k̃)) + βδV̄(g(k̃)) ≥ u(Rk̃− k̃) + βδV̄(k̃).

which contradicts the conclusion in Part a of Lemma 4 (for k = k̃ and k′ = g(k̃) < k).
Therefore, we must have g(k̃) = k̃.
Part b: As in Part a, the monotonicity of g implies that {kn} is strictly decreasing.

Moreover, the sequence is bounded from below by k, therefore it must converges to some
k̃ ≥ k. Part a then implies that g(k̃) = k̃. However, g(k) < k for all k > k by assumption,
therefore k̃ = k∗.

Lemma 14. Assume R > R∗ and k = 0. There exists σ < 1 such that for any σ ≥ σ, in any
Markov equilibria, g(k) ≥ k for some k > 0.

Proof. Let σ < 1 be defined in Lemma 8 so that this lemma applies when σ ≥ σ. We show
the result by contradiction. Assume the contrary: g(k) < k for all k > 0. Starting from
any asset level k0 > 0 consider the sequence {kn}∞

n=0 generated by the savings function
g. We have kn+1 = g(kn) < kn for all n ≥ 0. Let

vn =
V(kn)

k1−σ
n

.

By Lemma 2, V(kn) < V̄(kn), which implies vn ≤ v̄.
The sequence {kn} is strictly decreasing. It is also bounded from below by 0, so it must

converge to some k̃ ≥ 0. If k̃ > 0, Lemma 13a shows that g(k̃) = k̃, which is ruled out by
the contradiction assumption that g(k) < k for all k > 0. Consequently, we have:

lim
n→∞

kn = 0. (17)

Now, we show that

lim
n→∞

kn+1

kn
= 1. (18)

Since kn+1
kn

< 1 for all n ≥ 0. To show (18), we just need to show that for any γ > 0, there

exists nγ such that kn+1
kn
≥ 1− γ for all n > nγ. Indeed, Lemma 11 shows that there exists

ε > 0 such that hγ(v′) < v̄− ε for all v′ ≤ v̄, where hγ is defined in the lemma. Lemma
8 then shows that there exists nγ such that h(n)(v̄− ε) < v̂ for all n ≥ nγ. We show by
contradiction that kn+1

kn
≥ 1− γ for all n > nγ. Assume by contradiction that kn∗+1

kn∗
< 1− γ

for some n∗ > nγ. By the definition of hγ, we have:

vn∗ ≤ hγ(vn∗+1) ≤ v̄− ε.

Therefore vn∗−nγ ≤ h(nγ)(v̄− ε) < v̂. Which implies Γ(vn∗−nγ) = ∅, a contradiction, since
vn∗−nγ−1 ∈ Γ(vn∗−nγ). So we obtain (18) by contradiction.
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Similarly, we can show that

lim
n→∞

V(kn)

k1−σ
n

= v̄. (19)

Armed with (17), (18), and (19), we can derive the ultimate contradiction. Let ϕ̄(x) ≡
u(R− x) + βδx1−σv̄. Because R > R∗, ϕ̄′(1) = u′(R− 1)

(
1− βδ(R−1)

1−δ

)
> 0. Therefore,

there exist 0 < ε1 < ε2 such that

ϕ̄(x) > ϕ̄(1) ∀x ∈ [1 + ε1, 1 + ε2] . (20)

Because of (18), there exists N > 0 such that

0 < log(kn)− log(kn+1) < log (1 + ε2)− log (1 + ε1) ∀n ≥ N. (21)

Given (21) and (17), for each n ≥ N, there exists m(n) > n such that

log(1 + ε2) ≥ log(kn)− log(km(n)) ≥ log(1 + ε1),

or equivalently

1 + ε2 ≥
kn

km(n)
≥ 1 + ε1.

From the optimality of km(n)+1 given km(n),

u(Rkm(n) − km(n)+1) + βδV(km(n)+1) ≥ u(Rkm(n) − kn) + βδV(kn).

Dividing both sides by k1−σ
m(n) and rearranging, the last inequality leads to

u

(
R−

km(n)+1

km(n)

)
+ βδ

V(km(n)+1)

k1−σ
m(n)+1

(
km(n)+1

km(n)

)1−σ

≥ u

(
R− kn

km(n)

)
+ βδ

V(kn)

k1−σ
n

(
kn

km(n)

)1−σ

.

(22)
We can extract a subsequence np such that

knp
km(np)

converges to some x∗ ∈ [1 + ε1, 1 + ε2].

Applying (22) for n = np and take the limit p→ ∞, using (18) and (19), we arrive at

ϕ̄(1) = u (R− 1) + βδv̄ ≥ u (R− x∗) + βδv̄ (x∗)1−σ = ϕ̄(x∗),

which contradicts (20). We obtain the desired contradiction.

Lemma 15. Suppose R ∈
(

1
δ , 1 + 1−δ

βδ

)
. Let hs be defined by (10). Then

(a). hs(v′) is continuous, strictly increasing in v′ and hs(v̄) = v̄.
(b). Given R, β, δ, there exists σ < 1 such that for all σ > σ, hs(v′) < v′ for all v̄ < v′.

Proof. Proof of Part a: The proof of this part is similar to the proof of Part a in Lemma 8.
In particular, let H and F be defined as in that proof and

Fs(v′) =
{

x ∈ [1, R] : F(v′, x) ≥ u (R− 1)
}

.

37



Given these definitions, we can write the function hs as

hs(v′) = max
x∈F (v′)

H
(
v′, x

)
.

By Berge’s Maximum Theorem, h is continuous.
Since F is strictly concave in x, Fs(v′) is an interval, i.e. F (v′) = [x1(v′), x2(v′)] where

1 ≤ x1(v′) ≤ x2(v′) ≤ R. Since F(v′1, x) ≤ F(v′2, x) for any v′1 < v′2, we have Fs(v′1) ⊂
Fs(v′2). In addition H(v′1, x) ≤ H(v′2, x) for any v′1 < v′2, therefore h(v′1) ≤ h(v′2). It is also
easy to show that this inequality must be strict.

Now at v′ = v̄, we have, F (v̄, 1) = u(R− 1). Consider the derivative ∂F
∂x (v̄, x)

∂F
∂x

= −(1− βδ)u′(R− x) + βδ(1− δ)v′(1− σ)x−σ.

Since v̄ = u(R−1)
1−δ ,

∂F
∂x

(v̄, 1) = u′ (R− 1) (βδR− 1) .

Because βδR < 1, ∂F
∂x < 0, therefore Fs(v̄) = {1}. So hs(v̄) = H(v̄, 1) = v̄. For v′ < v̄,

Fs(v′) = ∅.
Proof of Part b: Let

v = hs(v′)

and let x̂ ∈ [1, R] be the solution to the constrained optimization problem that defines hs.
Then

v = u(R− x̂) + δx̂1−σv′

and
(1− βδ)u(R− x̂) + βδ(1− δ)v′ x̂1−σ ≥ u(R− 1).

Therefore
β(1− δ)v ≥ u(R− 1)− (1− β)u(R− x̂). (23)

Since v′ = v−u(R−x̂)
δx̂1−σ , showing hs(v′) < v′ is equivalent to showing

v− u(R− x̂)
δx̂1−σ

> v

or

v >
u(R− x̂)
1− δx̂1−σ

.

By (23), this is obtained if

u(R− 1)− (1− β)u(R− x̂)
β(1− δ)

>
u(R− x̂)
1− δx̂1−σ
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for all x̂ ∈ [1, R]. After rearranging, we rewrite this inequality as

u(R− 1) ≥ u(R− x̂)
(

β(1− δ)

1− δx̂1−σ
+ 1− β

)
.

The right hand side is φ(x̂), where φ is defined in (13). By definition φ(1) = u(R− 1). It
is sufficient to show that φ is strictly decreasing over [1, R].

Indeed,

φ′(x) = −u′(R− x̂)
x−σ

(1− δx1−σ)2 ψ(x)

where ψ is defined in (14). As shown in Lemma 16 below, ψ′(x) > 0 for x > 1 if σ > 1 or
σ < 1 but close to 1, such that (24) holds. In these cases,

ψ(x) ≥ ψ(1) = (1− δ)βδ(1 +
1− δ

βδ
− R) > 0

since R < R∗.

Lemma 16. Let ψ(x) be defined as in (14), then ψ(x) is strictly increasing in x over [1, R] if
either i) σ > 1 or ii) σ < 1 and

(1− βδ)σ(2− σ) ≥ (1− β). (24)

Proof. Differentiate ψ, we obtain

ψ′(x) = (1− βδ) σxσ−1 − (1− β) 2δ + (1− β)δ2(2− σ)x1−σ.

If σ > 1, we want to show that for all y = xσ−1 ≥ 1,

(1− βδ) σy− (1− β) 2δ + (1− β)δ2(2− σ)
1
y
> 0.

Indeed, the derivative of this expression in y is strictly positive for y ≥ 1,

(1− βδ)σ− (1− β)δ2(2− σ)
1
y2 > 0,

since
1− βδ > (1− β)δ2

and σ ≥ 2− σ. Now at y = 1, the value of the expression is

(1− βδ) σ− (1− β) 2δ + (1− β)δ2(2− σ)

= (1− βδ− δ2(1− β))σ− (1− β)2δ(1− δ)

> (1− βδ− δ2(1− β))− (1− β)2δ(1− δ)

= (1− δ)(1− δ + βδ) > 0.
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So ψ′(x) > 0 for all x ≥ 1.
When σ < 1, then

ψ′(x) = (1− βδ) σxσ−1 − (1− β) 2δ + (1− β)δ2(2− σ)x1−σ

≥ 2
√
(1− βδ) σ(1− β)δ2(2− σ)− (1− β)2δ,

by the Cauchy–Schwarz inequality. The last expression is strictly positive when (24)
holds.
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